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Abstract
For the free massless spin-one and spin-two field theories one may write the
action in a form which is manifestly invariant under electric-magnetic du-
ality. This is achieved by introducing new potentials through solving the
constraints of the Hamiltonian formulation. The price for making electric-
magnetic duality invariance manifest through this direct procedure is los-
ing manifest Lorentz invariance. Both theories admit supersymmetric ex-
tensions, which make the bosonic fields and their corresponding fermionic
partners to be parts of the same geometrical object, a supermultiplet. We
present in this paper the supersymmetric extension of the manifestly electric-
magnetic duality invariant actions for the photon and the photino; and for
the graviton and the gravitino. In each case the spinor fields transform un-
der electric-magnetic duality in a chiral manner. For the spin-tree-half field,
which possesses a gauge invariance, it is necessary to bring in a spinor “pre-
potential”. As in previous cases the introduction of additional potentials to
solve the constraints increases the number of gauge invariances of the action,
thus keeping the number of degrees of freedom unaltered. The similarity in
the formulations for the photon-photino and graviton-gravitino systems is
remarkable.
1 Introduction
Electric-magnetic duality is a fascinating symmetry that keeps appearing
in many contexts. It was shown long ago [1] that for Maxwell theory it
can be implemented as a manifest symmetry of the action in terms of two
vector potentials, the ordinary one for the magnetic field and an additional
one for the electric field. The second potential was introduced by solving
the constraint (Gauss’ law) of the Hamiltonian formulation. The price for
achieving manifest electric-magnetic duality invariance through this direct
procedure is losing manifest Lorentz invariance.
The approach to electric-magnetic duality based on solving the Hamil-
tonian constraints has been fruitfully applied later on to p-forms, including
Chern-Simons couplings and coupling to scalar fields defined on a coset space
[2, 3, 4]. Furthermore it has been shown [5] that linearized Einstein grav-
ity can also be formulated through this procedure in a manner which makes
the action manifestly invariant under electric-magnetic duality transforma-
tions. That result was achieved by solving the Hamiltonian and momentum
constraints in terms of two “prepotentials” which are two-index symmetric
tensors. In all cases the introduction of additional potentials to solve the con-
straints increases the number of gauge invariances of the action, thus keeping
the number of physical degrees of freedom unaltered.
We consider in this paper the supersymmetric extensions of Maxwell the-
ory and linearized Einstein gravity, i.e., super-Maxwell theory and linearized
supergravity. We provide a formulation in which electric-magnetic duality is
a manifest symmetry of the action for both the photon-photino and graviton-
gravitino systems. For the gravitino one must introduce a new spinor “prepo-
tential” which is the fermionic superpartner of the symmetric tensor bosonic
prepotentials previously found in linearized gravity. For the photino, since
there are no fermionic gauge symmetries, and thus no fermionic constraints
to solve, the original spinor field may be regarded as its own prepotential.
In order to properly implement electric-magnetic duality together with su-
persymmetry it is necessary to define the former as acting chirally on the
spinors. (The interplay between chirality and duality invariance was par-
ticularly stressed in [6].) The very close parallel between the formulation
for the photon-photino case and that for the graviton-gravitino case is quite
remarkable.
The paper is organized as follows: Section 2 reviews the supersymmetric
extension of the standard one-potential Maxwell theory. The supersymmetric
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extension of the manifestly electric-magnetic duality invariant two-potential
formulation is then derived. It is shown that if one demands that electric-
magnetic duality and supersymmetry commute, then the duality transfor-
mation of the photino is a chiral rotation. Section 3 employs the insights
obtained in section 2 to develop the corresponding formulation for linearized
supergravity. Since the key results are remarkably similar to those of sec-
tion 2, their proof is relegated to the Appendices in order not to deviate the
attention of the reader from the main line of argument. Finally section 4
is devoted to concluding remarks. We work in four-dimensional Minkowski
space throughout.
2 Electric-Magnetic Duality for the Photon
and the Photino
2.1 Two-potential formulation of the Maxwell theory
If, besides the standard “magnetic” vector potential defined through,
~B ≡ ~B1 = ~∇× ~A1,
one introduces an additional vector potential ~A2 through,
~E ≡ ~B2 = ~∇× ~A2,
one may rewrite the standard Maxwell action
I = −
1
4
∫
d4xF µνFµν (2.1)
with,
Fµν = ∂µAν − ∂νAµ,
in terms of the two potentials Aa as [1] (see also [7])
I =
1
2
∫
dx0d3x
(
ǫab ~B
a · ~˙Ab − δab ~B
a · ~Bb
)
. (2.2)
Here, ǫab is given by ǫab = −ǫba, ǫ12 = +1, or as a matrix
ǫ =
(
0 1
−1 0
)
, ǫ2 = −I (2.3)
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where I is the 2 by 2 unit matrix.
The action (2.2) is invariant under rotations in the (1, 2) plane (“electric-
magnetic duality rotations”) ,
(
~A1
~A2
)
≡ ~A −→ eαǫ~A (2.4)
because ǫab and δab are invariant tensors. Note that ǫ given by (2.3) generates
clockwise rotations. This convention makes the formulas below more sym-
metric. The action (2.2) is also invariant under the gauge transformations,
~Aa −→ ~Aa + ~∇Λa.
2.2 Supersymmetric extension of the two-potential the-
ory
The action for the free supermultiplet formed by the spin one photon and
the spin one-half photino has the form,
I = IBOSE + IFERMI, (2.5)
where IBOSE is the action for the photon and IFERMI is given by,
IFERMI = −
i
2
∫
d4x ψ¯γµ∂µψ
where ψ is an anticommuting Majorana spinor. The action IFERMI is invariant
under the chirality transformation,
ψ −→ eβγ5ψ,
which is an SO(2)-rotation because,
(γ5)
2 = −I.
The matrix I is here the 4 by 4 unit matrix.
If one takes for IBOSE in (2.5) the standard one-potential action (2.1),
the sum IBOSE + IFERMI is invariant under the infinitesimal supersymmetry
transformations
δAµ = iǫ¯γµψ, (2.6)
δψ =
1
2
γµνFµνǫ, (2.7)
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where ǫ is a constant anticommuting Majorana spinor. [See [8] for a lucid
presentation.] In order to determine the realization of the supersymmetry
transformation in the two-potential theory, we observe that starting from
it one can go to a purely electric or a purely magnetic representation by
eliminating either the electric or the magnetic potential respectively. (We
follow standard terminology: the electric representation is the one where the
electric charge couples to the usual “magnetic” vector potential.) In the
magnetic representation, the Maxwell action takes the form (2.1) with Fµν
replaced by the field strength of the second vector potential A2µ,
F 2µν = ∂µA
2
ν − ∂νA
2
µ.
Therefore, the action is invariant under the transformation
δA2µ = iη¯γµψ, (2.8)
δψ =
1
2
γµν F 2µνη, (2.9)
for some spinor η. To determine the relation between η and ǫ, one recalls
that on-shell one has, F 2µν =
∗Fµν ≡
1
2
ǫµνρσF
ρσ, and one uses the identity
∗γµν = γ5γµν . This gives η = −γ5ǫ. Thus the supersymmetry transformation
in the magnetic representation is given by
δA2µ = iǫ¯γµγ5ψ. (2.10)
δψ = −
1
2
γµν F 2µνγ5ǫ, (2.11)
The presence of γ5 makes δA
2
µ a pseudo-vector, as it should be the case since
A2µ is the potential for
∗Fµν .
To pass to the two-potential representation, we may start from the electric
representation and expand the sum over [µν] on the right-hand side of (2.7)
into electric [0i] and magnetic [mn] pieces. Inserting the expression for the
electric and magnetic fields as curls of their respective potentials, we obtain,
δψ = γrs∂r
(
A1s − γ5A
2
s
)
. (2.12)
This expression, together with the spatial parts of (2.6) and (2.10),
δ ~A = δ
(
~A1
~A2
)
= iǫ¯~γ
(
1
γ5
)
ψ, (2.13)
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is the the supersymmetry transformation, which leaves invariant the action
(2.5) with IBOSE given by (2.2).
Now we pass to discuss the interplay between supersymmetry and duality.
To that effect we observe that under an electric-magnetic duality transfor-
mation of the form (2.4) on ~Aa, one has,
~A1 − γ5 ~A
2 −→ eαγ5
(
~A1 − γ5 ~A
2
)
.
Then δψ in (2.12) transforms as,
δψ −→ eαγ5δψ.
Conversely, if one transforms ψ as,
ψ −→ eαγ5ψ,
then δ ~A in (2.13) transforms according to a duality rotation,
δ ~A −→ eαǫδ ~A.
This implies that supersymmetry and electric-magnetic duality commute if
one defines the latter as a transformation of both the vectors ~Aa and the
spinor ψ,
~A −→ eαǫ~A, ψ −→ eαγ5ψ. (2.14)
The parallelism between these two transformations becomes all the more
poignant if one uses the Majorana representation given in the Appendix A.
Then the Majorana spinors are real and
γ5 =
(
0 I
−I 0
)
.
On the other hand, as given above,
ǫ =
(
0 1
−1 0
)
.
Actually ǫ can be thought of as a 4 × 4 matrix when acting on the four
independent components of the gauge invariant curl ~∇× ~A. It then becomes
γ5 itself!
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The beautiful similarity between the duality transformation properties
of the vector and spinor fields arose because although uncoupled they were
related by supersymmetry.
The supersymmetry transformation of the non-manifestly Lorentz invari-
ant two potential formulation of the super-Maxwell theory can also be ob-
tained from the results of [9] on the manifestly E7,7-invariant formulation of
maximal supergravity in four space-time dimensions by truncating the cor-
responding formulas to a subsector of the theory containing only one vector
field and one of its supersymmetric spin 1/2 partner. We have provided above
a different, direct derivation of the supersymmetry transformations using the
existence of the “electric” and “magnetic” representations.
3 Electric-Magnetic Duality for the Graviton
and the Gravitino
We will develop in this section the formulation of linearized supergravity in
terms of prepotentials, which makes electric-magnetic duality to be a man-
ifest invariance of the action. The corresponding formulation for linearized
gravity alone was given in [5]. In that case the solution of the Hamiltonian
and momentum constraints, which generate the Hamiltonian version of lin-
earized spacetime diffeomorphisms, led to the introduction of two symmetric
tensor prepotentials for the canonical pair formed by the spatial metric and
its canonical conjugate, the extrinsic curvature.
Supergravity brings in an additional fermionic gauge invariance and, with
it, an additional Majorana spinor constraint that generates it. That con-
straint can be solved to express the canonically self-conjugate vector-spinor
gauge potential of the theory in terms of a vector-spinor prepotential.
It was natural to expect, by analogy with the case of the photon and the
photino, that a similar formulation for the graviton and the graviton, which
exhibits manifest electric-magnetic duality invariance, could be achieved by
focusing on the bosonic and fermionic prepotentials and their transformation
properties under global supersymmetry. This not only turned out to be
the case, but the result transcended the most optimistic expectations: the
ensuing formulation for the spin two/spin three-half multiplet is not just
similar but identical to the one for the spin one/spin one-haf case. For that
reason, we will only give the results in the main text and provide the proofs
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of the key equations in the Appendices.
3.1 Prepotentials for the graviton and the gravitino
For linearized gravity the fields appearing in the canonical formulation are
the linearized spatial metric hij (gij = δij+hij) and its canonically conjugate
momentum πij. They obey the Hamiltonian and momentum constraints,
∂m∂nhmn −△h = 0,
πmn,n = 0,
where h = hmm and △ is the Laplacian.
One may solve [5] these constraints by introducing two prepotentials Zamn
such that,
πmn = ǫmpqǫnrs∂p∂rZ
1
qs,
hmn = ǫ
rs
m ∂rZ
2
sn + ǫ
rs
n ∂rZ
2
sm.
Note that Z1 transforms as a scalar under inversions, whereas Z2 transforms
as a pseudo-scalar, just as in the Maxwell case. Given hmn and π
mn up to a
gauge transformation, there are ambiguities
Zamn −→ Z
a
mn + ∂mξ
a
n + ∂nξ
a
m + ξ
aδmn, (3.1)
which constitute the gauge transformations of the prepotentials. The terms
with ξam are linearized diffeomorphisms, while the last term takes the form
of a linearized Weyl rescaling.
In linearized supergravity there is, in addition to the conjugate pair
(hmn, π
mn), the self-conjugate Majorana vector-spinor ψm, which is an anti-
commuting field that has four real components in a Majorana representation,
in which the Dirac matrices are real.
The vector-spinor ψm obeys the constraint
γmn∂mψn = 0 (3.2)
which may be solved (see Appendix B.1) in terms of another vector-spinor
χp as,
ψm = γ5(δms − γms)ǫ
skp∂kχp. (3.3)
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Given ψm up to a gauge transformation ψm → ψm + ∂mǫ, there are the
ambiguities,
χp −→ χp + ∂pη + γpρ, (3.4)
where η, ρ are Majorana spinors. These constitute the gauge symmetries for
the fermionic prepotential χp. Note the close resemblance of the transforma-
tions for the twelve Zamn and the twelve χ
A
m.
It is noteworthy that, while the gauge transformations of the bosonic
prepotentials are those of linearized conformal gravity, the gauge transfor-
mations (3.4) of the fermionic prepotential turn out to be exactly those of
linearized conformal supergravity, with two independent fermionic symme-
tries [10], parametrized here by the two independent spinor parameters η and
ρ.
3.2 Supersymmetry transformations of the prepoten-
tials
First, we recall how to infer the global supersymmetry transformations of
the free graviton and gravitino fields hµν and ψ
A
µ . Starting from them we
will obtain the corresponding transformations for the prepotentials Zamn and
χAm. Actually, the procedure is nothing but undoing the steps that originally
led to supergravity through gauging the global symmetries of the free spin-
two/spin-three-half theory. We follow this “reversed route” because it brings
in immediately the geometrical quantities that we need, i.e., the spatial met-
ric and connection, and the extrinsic curvature.
One starts by imagining expanding the action for full supergravity in
powers of the fields and their derivatives as I(2) + I(3) + · · · where I(k) is of
k-th polynomial degree. The quadratic part I(2) is the action for linearized
supergravity and is the sum of the free spin-2 and free spin-3/2 actions.
Similarly, one can expand the supersymmetry transformations under which
the full action is invariant as δǫΦ
i = δ
(1)
ǫ Φi+δ
(2)
ǫ Φi+ · · · where the expansion
is again performed according to the polynomial degree, counting also the
gauge parameter ǫ. Here, Φi stands for all the fields. Explicitly,
δ(1)ǫ hµν = 0, δ
(2)
ǫ hµν = i (ǫ¯γµψν + ǫ¯γνψµ) (3.5)
for the graviton and
δ(1)ǫ ψµ = 4∂µǫ, δ
(2)
ǫ ψµ = −ωµρσγ
ρσǫ, (3.6)
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for the gravitino. Here, ωµρσ is the linearized spin connection (see appendix
A) so that δ
(1)
ǫ ψµ + δ
(2)
ǫ ψµ = 4Dµǫ. (We have chosen a normalization so that
the formulas for the prepotentials look simple.)
The invariance of the full action under the full supersymmetry trans-
formations implies, when expanded according to the polynomial degree, a
chain of equations: δ
(1)
ǫ I
(2) = 0 (lowest order), δ
(2)
ǫ I
(2) + δ
(1)
ǫ I
(3) = 0 (next
order), etc. The first of these equations just expresses the invariance of the
action I(2) of linearized supergravity (free Rarita-Schwinger action) under
the abelian gauge supersymmetry transformations δ
(1)
ǫ Φi. As we have just
recalled above, these transformatione reduce to δ
(1)
ǫ ψµ = 4∂µǫ, δ
(1)
ǫ hµν = 0.
Since δ
(1)
ǫ Φi contains only derivatives of ǫ, it is identically equal to zero
for constant (i.e., spacetime independent) ǫ’s. Therefore, δ
(1)
ǫ I(k) ≡ 0 for
all k’s, and in particular δ
(1)
ǫ I(3) ≡ 0, when ǫ is taken to be a constant. It
follows from δ
(2)
ǫ I(2)+δ
(1)
ǫ I(3) = 0 that the action I(2) of linearized supergrav-
ity is invariant under the rigid supersymmetry transformations δ
(2)
ǫ Φi with
constant ǫ’s, δ
(2)
ǫ I(2) = 0. So, in addition to the gauge invariance under the
local supersymmetry transformations δ
(1)
ǫ Φi (with ǫ an arbitrary spacetime
dependent spinor), the free action of linearized supergravity possesses also
the invariance under the “rigid supersymmetry” δ
(2)
ǫ Φi with constant ǫ . It
is this latter transformation that we want to write for the prepotentials.
The derivation is given in Appendix C. One finds, starting from (3.5) and
(3.6) with constant ǫ,
δχp = γ
rs∂s
(
Z1rp − γ5Z
2
rp
)
ǫ, (3.7)
and,
δZmn = δ
(
Z1mn
Z2mn
)
= iǫ¯
(
γm
(
1
γ5
)
χn + γn
(
1
γ5
)
χm
)
. (3.8)
Equations (3.7) and (3.8) are the same as (2.12) and (2.13) with Am replaced
by Zmn and χ replaced by χp. Therefore, all the conclusions of Subsection
2.2 translate literally. Electric-magnetic duality acts on both Z and χ as,
Z −→ eαǫ Z; χ −→ eαγ5χ,
and it commutes with supersymmetry.
Note in this context that, unlike the photon-photino case, if the Zasp in
(3.7) undergo a gauge transformation, the right hand side of that equation
experiences a transformation of the form (3.4). Similarly for (3.8). This
9
phenomenon does not have an analog for the spin one - spin one-half case
because there the spin one-half field is its own prepotential and does not
possess gauge freedom.
3.3 Manifestly duality invariant action
To complete the presentation for the graviton case, we present here the action
expressed in terms of prepotentials.
The action is,
I = IBOSE + IFERMI,
where IBOSE was given in [5],
S[Z mna ] =
∫
dt
[∫
d3x ǫabǫmrs (∂p∂q∂rZaps −△∂rZ
q
a s) Z˙bqm −HBOSE
]
,
(3.9)
with,
HBOSE =
∫
d3x δab
(
△Zaij△Z
ij
b +
1
2
∂k∂mZakm∂
q∂nZbqn + ∂
k∂mZakm△Zb
)
+
∫
d3x δab
(
−2∂m∂iZ
ij
a ∂
m∂kZbkj −
1
2
△Za△Zb
)
, (3.10)
and Za = Zamm. This action is manifestly invariant under electric-magnetic
duality because ǫab and δab are invariant tensors. A more transparent rewrit-
teng of the action IBOSE in which its gauge invariance under linearized dif-
feromorphisms and Weyl rescalings are made more explicit is given in [11].
The fermionic action is obtained by inserting in the Rarita-Schwinger
action the expression (3.3) for the original vector-spinor ψm in terms of its
prepotential χp. The component ψ0 drops out because the spinor constraint
vanishes identically in terms of the prepotential.
One finds (see Appendix B.2),
IFERMI =
∫
dx0
(
−i
∫
d3xΣ¯mnγ
mnpχ˙p −HFERMI
)
,
with
HFERMI = −
i
4
∫
d3x Σ¯mnγ0γ5(δmk − 2γmk)∆
k
n .
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Here the tensor-spinor field strengths ∆pq and Σpq are respectively defined
by
∆pq = ∂pχq − ∂qχp,
and
Σpq =
1
2
γ5(δqs − γqs)ǫ
skm∂p∆km − (p↔ q).
The tensor-spinor Σpq is gauge invariant under all gauge symmetries of χp
and fulfills the identity Σpqγ
pq = 0, in addition to ∂[rΣpq] = 0.
The action IFERMI is invariant under the chirality transformation χp →
eαγ5χp and is therefore electric-magnetic duality invariant.
4 Concluding Remarks
In this paper, we have derived the manifestly electric-magnetic duality in-
variant formulation of super-Maxwell theory and linearized supergravity. The
manifestly duality invariant action of super-Maxwell theory involves two po-
tentials, while the manifestly duality invariant action of linearized supergrav-
ity involves one fermionic prepotential besides the two bosonic prepotentials
of linearized gravity [5]. The supersymmetry transformations of the two po-
tentials and the spin-one-half field (super-Maxwell theory) and of the three
prepotentials (linearized supergravity) have been explicitly written and are
local. They take a remarkably similar form in both cases.
Supergravity and electric-magnetic duality have a well known fruitful
interplay [12]. But we stress that the duality discussed here in the context of
linearized supergravity is a gravitational duality that acts on the graviton.
It is present already for the N = 1 theory (and for that matter, even for
N = 0), without the vector or scalar fields present in the extended models
and on which duality is traditionally considered.
It would be of interest to include a cosmological constant in our analysis
and to and analyze gauged supergravities. Existing work in that direction is
encouraging [13] (see also [14] for related comments).
Finally, the asymptotic properties of the manifestly duality invariant for-
mulation of supergravity are also of definite interest, given the enlargement
of the gauge group. This problem is currently under study (see [15] in that
context).
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Appendices
A Conventions - γ-matrices
The Dirac γ-matrices fulfill,
γµγν + γνγµ = 2ηµν
where ηµν has the “mostly +” signature (−,+,+,+).
We adopt a Majorana representation where the γ-matrices are real, with
antisymmetric γ0 and symmetric γk’s,
(γ0)
T = −γ0, (γk)
T = γk.
The matrix γ5 is defined through,
γ5 = γ0γ1γ2γ3,
and fulfills,
(γ5)
2 = −I, (γ5)
T = −γ5.
We define γµν =
1
2
(γµγν−γνγµ) and γµνρ =
1
3!
(γµγνγρ+γνγργµ+γργµγν−
γµγργν − γργνγµ − γνγµγρ) = ǫµνρσγ5γ
σ with ǫ0123 = +1.
Useful relations are:
ǫkmpγp = γ
kmγ0γ5,
γmnγs = −ǫmnsγ0γ5 + δ
nsγm − δmsγn,
γmnγrs = δnrγms − δnsγmr − δmrγns + δmsγnr + δnrδms − δmrδns,
γmnγnp = 2δ
m
p + γ
m
p,
γmnγ0s = −ǫmnsγ5 + δ
nsγ0m − δmsγ0n,
γabc = ǫabcγ0γ5,
∗γµν = γ5γ
µν .
An explicit Majorana represention of the γ-matrices is given by,
γ0 =


0 1 0 0
−1 0 0 0
0 0 0 −1
0 0 1 0

 , γ1 =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1

 ,
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γ2 =


0 0 −1 0
0 0 0 −1
−1 0 0 0
0 −1 0 0

 , γ3 =


0 −1 0 0
−1 0 0 0
0 0 0 1
0 0 1 0

 ,
γ5 =


0 0 1 0
0 0 0 1
−1 0 0 0
0 −1 0 0

 .
The Dirac adjoint is defined by
ψ¯ = ψTγ0
The covariant derivatives of a spinor field is,
Dµψ = ∂µψ −
1
4
ωµρσγ
ρσψ.
The spin connection in the linearized theory is,
ωµρσ =
1
2
(∂ρhµσ − ∂σhµρ) . (A.1)
B Action for the Rarita-Schwinger field
The one-potential action for the Rarita Schwinger field is,
IFERMI = −
i
2
∫
d4xψ¯αγ
αβγ∂βψγ .
The equations of motion for the spin 3
2
field are,
γαβγ (∂βψγ − ∂γψβ) = 0.
For α = 0, one obtains the constraint
γmn∂mψn = 0, (B.1)
whereas for α = a,
γac (∂0ψc − ∂cψ0) = ǫ
abcγ5∂bψc. (B.2)
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One can solve for ∂0ψa,
∂0ψa = ∂aψ0 −
1
2
ǫabcγ5∂
bψc +
1
2
γamǫ
mbcγ5∂bψc. (B.3)
We also recall the expression of the linearized extrinsic curvature,
Kij = −
1
2
(∂0hij − ∂ih0j − ∂jh0i) , (B.4)
and that the “first Hamiltonian equation of motion” for the spin-2 field may
be written ,
πij = −Kij +Kδij.
B.1 Solving the constraint for ψk
The constraint (B.1) may be rewritten as,
γmnψn = 2∂k
(
ǫkmpγ5χp
)
,
for some “prepotential” χp, which is also a vector-spinor. One can explicitly
express ψk in terms of χk,
ψm = γ5 (δms − γms) ǫ
skp∂kχp. (B.5)
Given ψp up to a gauge transformation ψp → ψp + ∂pε, χp is determined
up to
χp → χp + ∂pη + γpρ, (B.6)
where η and ρ are spinor fields. Note that ε = 2γ0ρ and that ψm is invariant
if χp → χp + ∂pη.
As stressed in the main text, it is remarkable that (B.6) are just the
linearized fermionic gauge transformations of conformal gravity which, as it
is well known, has two independent supersymmetries (“Q” and “S”) [10].
B.2 Action of linearized supergravity in terms of the
prepotentials
To write the Rarita-Schwinger action in terms of the vector-spinor χp, we
first introduce some tensor-spinors. These are the field strength of χp,
∆pq = ∂pχq − ∂qχp
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and the field strength of ψp,
Σpq = ∂pψq − ∂qψp
where ψm is the function of χp defined by (B.5), which one may rewrite as,
ψm =
1
2
γ5 (δms − γms) ǫ
skp∆kp.
The field strength ∆pq is invariant under the η-gauge symmetry in (B.6) but
not the ρ-one, while the tensor-spinor Σpq is invariant under both. Further-
more, Σpq fulfills the identity,
γpqΣpq = 0.
If one replaces in the Rarita-Schwinger action the vector-spinor ψp by its
expression (B.5) in terms of χp, one gets,
IFERMI =
∫
dx0
(
−i
∫
d3xΣ¯mnγ
mnpχ˙p −HFERMI
)
,
with
HFERMI = −
i
4
∫
d3x Σ¯mnγ0γ5(δmk − 2γmk)∆
k
n .
C Supersymmetry transformations of the pre-
potentials
C.1 Fermionic prepotential χp
One has,
δψm = 4Dmǫ = −ωmρσγ
ρσǫ
for constant supersymmetry transformations, where we have kept only the
terms linear in the fields. There are two terms in this equation, one involving
only the spatial spin connection ωmrs and the other involving the extrinsic
curvature, which is proportional to ωm0s, as shown by (A.1) and (B.4). Ex-
plicitly,
δψm = δhψm + δπψm,
where,
δhψm = −∂rhmsγ
rsǫ,
and
δπψm = −(∂0hms − ∂shm0)γ
0sǫ.
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C.1.1 Term containing the prepotential Z1mn
Turn first to δπψm. By adding the gauge transformation ∂m (hs0γ
0sǫ) to ψm,
which is permissible, one can rewrite it as,
δπψm = 2Kmsγ
0sǫ.
To evaluate the corresponding variation of the spinor prepotential χp, we
multiply this expression by γmn to get,
γmnδπψn = 2Knsγ
mnγ0sǫ.
Using the identity for γmnγ0s given above, this can be transformed into,
γmnδπψn = 2π
m
nγ
0nǫ = −2πmnγ0nǫ.
On the other hand, γmnδπψn = 2∂k
(
ǫkmpγ5δχp
)
, while πmn = ǫmkpǫnrs∂k∂rPps,
so that we have,
ǫkmp∂k (γ5δχp − ǫ
nrs∂rPpsγ0nǫ) = 0,
from which one infers, up to a gauge transformation χp → χp+ ∂pη that can
be dropped,
γ5δχp = ǫ
nrs∂rPpsγ0nǫ,
an expression that can be rewritten as,
δχp = ∂sPprγ5γ
rsǫ. (C.1)
C.1.2 Term containing the prepotential Z2mn
For the other term, δhψm, one has,
γmnδhψm = −∂rhmsγ
mnγrsǫ.
Using the identity for the product γmnγrs given above yields,
γmnδhψm = (−∂
nhnsγ
ms + γmr∂rh− ∂
rh mn γ
nr) ǫ
+ (−∂nhmn + ∂
mh) ǫ.
Expressing hij in terms of Φij gives,
γmnδhψm = ǫ
kmp∂k
(
∂rΦbrγ
b
p + 2∂bΦpcγ
cb − ∂bΦγ
b
p + ∂
nΦnp
)
ǫ (C.2)
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This expression takes the form ǫkmp∂kΞp for some Ξp and is at the same
time equal to,
2ǫkmpγ5∂kδhχp, (C.3)
if one expresses the variation of ψm in terms of the variation of χp. Ac-
cordingly, by mere comparison of (C.3) with (C.2), one can read off the
supersymmetry variation of the vector-spinor prepotential. Now, one can
always add to δχp an arbitrarily chosen gauge transformation of χp. This
is just a matter of definition and we will use this freedom to simplify the
supersymmetry variation of χp.
It turns out that the first term and the last term in the right-hand side
of (C.2) are just a gauge transformation of χp since
∂rΦbrγ
b
p + ∂
nΦnp = −
1
2
∂rΦbrγ
bγp + ∂
nΦnp + γpA
= −∂rΦbrδ
b
p + ∂
nΦnp + γpA
′
= γpA
′
for some A, A′. Similarly, the third term in (C.2) is also a gauge transfor-
mation,
∂bΦγ
b
p = −
1
2
∂bΦγbγp + γpB = −∂pΦ + γpB
′,
for certain B and B′, which yields also a gauge transformation of χp.
So we conclude that 2γ5δhχp = 2∂bΦpcγ
cbǫ, i.e.,
δhχp = −∂bΦpcγ
cbγ5ǫ. (C.4)
Adding (C.1) and (C.4) together yields finally,
δχp = (∂bPpc − ∂bΦpcγ5) γ
cbǫ. (C.5)
C.2 Bosonic prepotential Z2mn ≡ Φmn
One has,
δhij = iǫ¯γiψj + (i↔ j). (C.6)
Substituting the expression for ψj yields
δhij = iǫ¯γi
(
−γ5∂
kχpǫkjp + γjsγ5∂kχpǫ
ksp
)
+ (i↔ j).
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Using γiγjs = δijγs − δisγj − ǫijsγ0γ5 and δijǫksp = δjkǫisp + δjsǫipk + δjpǫiks
one then gets,
δhij = iǫjkp∂
k(ǫ¯γiγ5χ
p + ǫ¯γpγ5χi) + ∂j(ǫ¯γ
sγ5χ
pǫisp) + (i↔ j).
This implies, for the prepotential Φmn and the linearized diffeomorphism um,
δΦmn = i(ǫ¯γmγ5χn + ǫ¯γnγ5χm), (C.7)
δum = iǫ¯γ
sγ5χ
pǫmsp. (C.8)
C.3 Bosonic prepotential Z1mn ≡ Pmn
The supersymmetry variation of the conjugate momentum πij is most easily
obtained from the supersymmetry variation of the metric and the equations
of motion.
One has,
δ(∂0hij) = iǫ¯γi∂0ψj + (i↔ j),
and,
δ(∂jhi0) = iǫ¯γi∂jψ0 + iǫ¯γ0∂jψi.
Using the equations of motion (B.3) for ψj and the identity for γiγjm just
recalled above yields,
δKij =
i
2
ǫ¯γ0∂jψi +
i
2
ǫjrsǫ¯γiγ5∂
rψs −
i
4
δijǫ
mrsǫ¯γmγ5∂rψs + (i↔ j).
This implies,
δπij = −
i
2
ǫ¯γ0∂
iψj −
i
2
ǫirsǫ¯γjγ5∂rψs +
i
2
δij ǫ¯γ0∂
kψk + (i↔ j),
for the conjugate momenta.
Now, we substitute in the variation of πij the expression (B.5) for ψm in
terms of the spinor prepotential and expand the matrices occurring in the
resulting equation in the basis {I, γµ, γµν , γµνγ5, γµγ5, γ5} using the relevant
identities. One expects a priori terms involving γ0γ5 or γk. However, a direct
computation shows that the terms containing γ0γ5 actually cancel, and that
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δπij reduces to
δπij = −
i
2
ǫ¯γa∂i∂kχpǫ
j
saǫ
ksp + (i↔ j)
+
i
2
δij ǫ¯γa∂m∂kχpǫ
m
saǫ
ksp + (i↔ j)
−
i
2
ǫ¯γj∂r∂
kχpǫ
irsǫksp + (i↔ j)
+
i
2
ǫ¯γs∂r∂kχpǫ
irsǫjkp + (i↔ j).
By expanding the products of ǫbcd’s, one easily verifies that the sum of the
first three terms is equal to the last term, so that,
δπij = iǫ¯γs∂r∂kχpǫ
irsǫjkp + (i↔ j),
an expression which we can rewrite as
δπij = iǫirsǫjkp∂r∂k (ǫ¯γsχp + ǫ¯γpχs) .
The searched-for variation of the prepotential Pmn then follows,
δPmn = i(ǫ¯γmχn + ǫ¯γnχm). (C.9)
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